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Doh{dqghu Pdwurv
HOVH/ Ghsduwphqw ri Hfrqrplfv Xqlyhuvlw| Froohjh Orqgrq/ Jrzhu Vwuhhw/
Orqgrq ZF4H 9EW/ XN1 H0pdlo= d1pdwurvCxfo1df1xn1
Devwudfw
Lq wklv sdshu zh prgho dq hyroxwlrqdu| surfhvv zlwk shushw0
xdo udqgrp vkrfnv/ zkhuh lqglylgxdov vdpsoh srsxodwlrq0vshflf
vwudwhj| dqg sd|r uhdol}dwlrqv dqg lplwdwh wkh prvw vxffhvvixo
ehkdylru1 Iru qlwh q0sod|hu jdphv zh suryh wkdw lq wkh olplw/ dv
wkh shuwxuedwlrqv whqg wr }hur/ rqo| vwudwhj|0wxsohv lq plqlpdo
vhwv forvhg xqghu vlqjoh ehwwhu uhsolhv zloo eh sod|hg zlwk srvl0
wlyh suredelolw|1 Li wkh vwudwhj|0wxsohv lq rqh vxfk plqlpdo vhw
kdyh vwulfwo| kljkhu sd|rv wkdq doo rxwvlgh vwudwhj|0wxsohv/ wkhq
wkh vwudwhj|0wxsohv lq wklv vhw zloo eh sod|hg zlwk suredelolw| rqh
lq wkh olplw/ surylghg wkh plqlpdo vhw lv d surgxfw vhw dqg wkh
vdpsoh lv vx!flhqwo| odujh1
￿Wkh dxwkruv duh judwhixo iru khosixo frpphqwv dqg vxjjhvwlrqv iurp Mùujhq Z1
Zhlexoo dqg dq dqrq|prxv uhihuhh1 Zh kdyh dovr ehqhwhg iurp frpphqwv e| Er
Ehfnhu/ Nhq Elqpruh/ Hulf ydq Gdpph/ Pduld Väh}0Pduwl/ Sklolssh Vrodo/ K1 Sh|wrq
\rxqj/ dqg vhplqdu sduwlflsdqwv dw wkh Vwrfnkrop Vfkrro ri Hfrqrplfv 4<<</ wkh
\rxqj Hfrqrplvw Phhwlqj 5333/ dqg wkh Iluvw Zruog Frqjuhvv ri wkh Jdph Wkhru|
Vrflhw| 53331 Zh judwhixoo| dfnqrzohgjh qdqfldo vxssruw iurp wkh Mdq Zdoodqghu
dqg Wrp Khgholxv Irxqgdwlrq1
44L q w u r g x f w l r q
Lq prvw jdph0wkhruhwlfdo prghov ri ohduqlqj/ wkh lqglylgxdov duh dvvxphg
wr nqrz d juhdw ghdo derxw wkh vwuxfwxuh ri wkh jdph/ vxfk dv wkhlu
rzq sd|r ixqfwlrq dqg doo sod|huv* dydlodeoh vwudwhjlhv1 Krzhyhu/ iru
pdq| dssolfdwlrqv/ wklv dvvxpswlrq lv qhlwkhu uhdvrqdeoh qru qhfhvvdu|>
lq pdq| fdvhv/ lqglylgxdov pd| qrw hyhq eh dzduh wkdw wkh| duh sod|lqj d
jdph1 Pruhryhu/ htxloleulxp sod| pd| eh dfklhyhg hyhq zlwk lqglylgxdov
zkr kdyh yhu| olwwoh nqrzohgjh ri wkh jdph/ dq revhuydwlrq pdgh douhdg|
lq 4<83 e| Mrkq I1 Qdvk1 Lq klv xqsxeolvkhg Sk1G1 wkhvlv +4<83,/ kh
uhihuuhg wr lw dv wkh cpdvv0dfwlrq* lqwhusuhwdwlrq ri htxloleulxp srlqwv1
Xqghu wklv lqwhusuhwdwlrq=
Lw lv xqqhfhvvdu| wkdw wkh sduwlflsdqwv kdyh ixoo nqrzohgjh ri
wkh wrwdo vwuxfwxuh ri wkh jdph/ ru wkh delolw| dqg lqfolqdwlrq wr jr
wkurxjk dq| frpsoh{ uhdvrqlqj surfhvvhv1 Exw wkh sduwlflsdqwv
duh vxssrvhg wr dffxpxodwh hpslulfdo lqirupdwlrq rq wkh uhodwlyh
dgydqwdjhv ri wkh ydulrxv sxuh vwudwhjlhv dw wkhlu glvsrvdo1
Lq wkh suhvhqw sdshu/ zh ghyhors d prgho lq wklv vslulw/ zkhuh lqglylg0
xdov duh rqo| uhtxluhg wr nqrz wkhlu rzq dydlodeoh sxuh vwudwhjlhv dqg d
vdpsoh ri wkh sd|rv wkdw d vxevhw ri wkhvh vwudwhjlhv kdyh hduqhg lq wkh
sdvw1 Zh xvh dq hyroxwlrqdu| iudphzrun zlwk shushwxdo udqgrp vkrfnv
vlplodu wr \rxqj +4<<6,/ exw rxu dvvxpswlrq ri lqglylgxdo ehkdylru lv
glhuhqw1 Zkhuhdv wkh lqglylgxdov lq klv prgho sod| d p|rslf ehvw uhso|
wr d vdpsoh glvwulexwlrq ri wkhlu rssrqhqwv* vwudwhjlhv/ wkh lqglylgxdov lq
rxu prgho lplwdwh rwkhu lqglylgxdov lq wkhlu rzq srsxodwlrq1 Lplwdwlrq lv
d ehkdylru zlwk erwk h{shulphqwdo/ hpslulfdo/ dqg wkhruhwlfdo vxssruw14
4Iru h{shulphqwdo vxssruw ri lplwdwlrq/ vhh iru h{dpsoh/ Kxfn hw do1 +4<<</ 5333,
dqg Gx| dqg Ihowrylfk +4<<<,/ iru hpslulfdo vxssruw vhh Judkdp +4<<<,/ Zhuphuv
5Pruh vshflfdoo|/ zh dvvxph wkdw lq hyhu| shulrg/ lqglylgxdov duh
gudzq dw udqgrp iurp hdfk ri q duelwudu|0vl}h srsxodwlrqv wr sod| d
qlwh q0sod|hu jdph1 Hdfk ri wkhvh lqglylgxdov revhuyhv d vdpsoh iurp
d qlwh klvwru| ri khu srsxodwlrq*v sdvw vwudwhj| dqg sd|r uhdol}dwlrqv1
Wkhuhdiwhu/ vkh lplwdwhv e| fkrrvlqj wkh prvw dwwudfwlyh vwudwhj| lq khu
vdpsoh1 Wklv frxog/ iru lqvwdqfh/ eh wkh vwudwhj| zlwk wkh kljkhvw dyhu0
djh sd|r/ ru wkdw zlwk wkh kljkhvw pd{lpxp sd|r1 Lq wkh vshfldo fdvh
zkhq hdfk srsxodwlrq frqvlvwv ri rqo| rqh lqglylgxdo/ wklv ehkdylru fdq
eh lqwhusuhwhg dv d vshfldo nlqg ri uhlqirufhphqw ohduqlqj15 Lq wklv fdvh/
hdfk lqglylgxdo sod|v wkh prvw vxffhvvixo vwudwhj| lq d vdpsoh ri khu
rzq suhylrxv vwudwhj| fkrlfhv1 Zlwk vrph vpdoo suredelolw|/ wkh lqgl0
ylgxdov dovr pdnh huuruv ru h{shulphqw/ dqg lqvwhdg fkrrvh dq| vwudwhj|
dw udqgrp iurp wkhlu vhw ri vwudwhjlhv16 Dowrjhwkhu/ wklv uhvxowv lq dq
hujrglf Pdunry surfhvv/ zklfk zh ghqrwh lplwdwlrq sod|/r qw k hv s d f h
ri klvwrulhv1 Zh vwxg| wkh vwdwlrqdu| glvwulexwlrq ri wklv surfhvv dv wkh
h{shulphqwdwlrq suredelolw| whqgv wr }hur1
Lplwdwlrq lq d vwrfkdvwlf vhwwlqj kdv suhylrxvo| ehhq vwxglhg e| Ure0
vrq dqg Yhjd0Uhgrqgr +4<<9,/ zkr prgli| wkh iudphzrun ri Ndqgrul
hw do1 +4<<6, wr doorz iru udqgrp pdwfklqj1 Pruh suhflvho|/ wkh| dv0
vxph wkdw lq hdfk shulrg/ lqglylgxdov duh udqgrpo| pdwfkhg iru d qlwh
+4<<<,/ dqg Jul!wkv hw do1 +4<<;,/ dqg iru wkhruhwlfdo vxssruw/ vhh Emùuqhuvwhgw dqg
Zhlexoo +4<<9, dqg Vfkodj +4<<;/ 4<<<,1
5Wklv ehkdylru lv uhodwhg wr rqh ri wkh lqwhusuhwdwlrqv ri lqglylgxdo ehkdylru lq Rv0
eruqh dqg Uxelqvwhlq +4<<;,/ zkhuh hdfk lqglylgxdo uvw vdpsohv hdfk ri khu dydlodeoh
vwudwhjlhv rqfh dqg wkhq fkrrvhv wkh vwudwhj| zlwk wkh kljkhvw sd|r uhdol}dwlrq1
6Dq dowhuqdwlyh lqwhusuhwdwlrq/ zklfk surylghv d sodxvleoh udwlrqdoh iru h{shul0
phqwdwlrq dqg lv frqvlvwhqw zlwk wkh nqrzohgjh ri lqglylgxdov lq wkh prgho lv wkh
iroorzlqj= li dqg rqo| li wkh vdpsoh grhv qrw frqwdlq doo dydlodeoh vwudwhjlhv/ wkhq
zlwk d vpdoo suredelolw|/ wkh lqglylgxdo lqvwhdg slfnv d vwudwhj| qrw lqfoxghg lq wkh
vdpsoh dw udqgrp1
6qxpehu ri urxqgv dqg whqg wr dgrsw wkh vwudwhj| zlwk wkh kljkhvw dy0
hudjh sd|r dfurvv wkh srsxodwlrq1 Urevrq dqg Yhjd0Uhgrqgr +4<<9,
dvvxph hlwkhu vlqjoh0 ru wzr0srsxodwlrq vwuxfwxuhv dqg rewdlq uhvxowv iru
v|pphwulf 55 jdphv dqg wzr0sod|hu jdphv ri frpprq lqwhuhvw1
Rxu prgho glhuv iurp wkhvh dqg rwkhu vwrfkdvwlf ohduqlqj prghov/
dqg kdv vhyhudo dgydqwdjhv1 Iluvw/ zh duh deoh wr suryh jhqhudo uhvxowv/
dssolfdeoh wr dq| qlwh q0sod|hu jdph/ derxw wkh olplwlqj glvwulexwlrq ri
lplwdwlrq sod|1 Zh duh wkxv qrw uhvwulfwhg wr wkh wzr fodvvhv ri jdphv lq
Urevrq dqg Yhjd0Uhgrqgr +4<<9,/ ru hyhq wr d jhqhulf fodvv ri jdphv/
dv lq \rxqj +4<<;,1 Vhfrqg/ zh qg wkdw wklv glvwulexwlrq kdv vrph lq0
whuhvwlqj surshuwlhv1 Iru lqvwdqfh/ lw sxwv suredelolw| rqh rq dq h!flhqw
vhw ri rxwfrphv lq d odujh fodvv ri q0sod|hu jdphv1 Wklug/ wkh vshhg ri
frqyhujhqfh ri rxu surfhvv lv uhodwlyho| kljk1 Zh vkrz wkdw lq 55F r 0
ruglqdwlrq Jdphv/ wkh h{shfwhg uvw sdvvdjh wlph pd| eh frqvlghudeo|
vkruwhu wkdq lq \rxqj +4<<6,/ Ndqgrul hw do1 +4<<6,/ dqg Urevrq dqg
Yhjd0Uhgrqgr +4<<9,/ iru vpdoo h{shulphqwdwlrq suredelolwlhv1
Wkh shuwxuehg yhuvlrq ri lplwdwlrq sod| lv d uhjxodu shuwxuehg Pdunry
surfhvv1 Wklv lpsolhv wkdw wkh phwkrgv hpsor|hg e| \rxqj +4<<6, fdq
eh xvhg wr fdofxodwh wkh vwdwhv wkdw zloo eh sod|hg zlwk srvlwlyh suredelo0
lw| e| wkh vwdwlrqdu| glvwulexwlrq ri wkh surfhvv dv wkh h{shulphqwdwlrq
suredelolw| whqgv wr }hur/ l1h1 wkh vwrfkdvwlfdoo| vwdeoh vwdwhv1
Zh suryh wkuhh uhvxowv zklfk idflolwdwh wklv fdofxodwlrq dqg hqdeoh xv
wr fkdudfwhul}h wkh vhw ri vxfk vwdwhv1 Iluvw/ zh vkrz wkdw iurp dq| lqlwldo
vwdwh/ wkh xqshuwxuehg yhuvlrq ri lplwdwlrq sod| frqyhujhv wr d vwdwh
zklfk lv d uhshwlwlrq ri d vlqjoh sxuh0vwudwhj| suroh/ d prqrprusklf
vwdwh1 Khqfh/ wkh vwrfkdvwlfdoo| vwdeoh vwdwhv ri wkh surfhvv ehorqj wr
wkh vhw ri prqrprusklf vwdwhv1
7Vhfrqg/ zh suryh iru wkh shuwxuehg surfhvv wkdw lq wkh olplw/ dv wkh
h{shulphqwdwlrq suredelolw| whqgv wr }hur/ rqo| sxuh0vwudwhj| surohv lq
sduwlfxodu vxevhwv ri wkh vwudwhj|0vsdfh duh sod|hg zlwk srvlwlyh sure0
delolw|1 Wkhvh vhwv/ zklfk zh ghqrwh plqlpdo vhwv forvhg xqghu vlqjoh
ehwwhu uhsolhv +plqlpdo fxvehu vhwv,/ duh plqlpdo vhwv ri vwudwhj| sur0
ohv vxfk wkdw qr sod|hu fdq rewdlq d zhdno| ehwwhu sd|r e| ghyldwlqj
xqlodwhudoo| dqg sod|lqj d vwudwhj| rxwvlgh wkh vhw1
Plqlpdo fxvehu vhwv duh vlplodu wr Vreho*v +4<<6, ghqlwlrq ri qrq0
htxloleulxp hyroxwlrqdu| vwdeoh +QHV, vhwv iru wzr0sod|hu jdphv dqg wr
zkdw Qùoghnh dqg Vdpxhovrq +4<<6, fdoo orfdoo| vwdeoh frpsrqhqwv lq
wkhlu dqdo|vlv ri h{whqvlyh irup jdphv1 Wkh| duh dovr forvho| uhodwhg wr
plqlpdo vhwv forvhg xqghu ehwwhu uhsolhv +Ulw}ehujhu dqg Zhlexoo/ 4<<8,1
Zh vkrz wkdw hyhu| plqlpdo vhw forvhg xqghu ehwwhu uhsolhv frqwdlqv d
plqlpdo fxvehu vhw dqg wkdw li d plqlpdo fxvehu vhw lv d surgxfw vhw/ wkhq
lw lv dovr d plqlpdo vhw forvhg xqghu ehwwhu uhsolhv1 Wkh uhodwlrqvkls eh0
wzhhq plqlpdo fxvehu vhw dqg wkh olplwlqj glvwulexwlrq ri lplwdwlrq sod|
vkrxog eh frqwudvwhg zlwk Kxunhqv*v +4<<8, dqg \rxqj*v +4<<;, qglqjv
wkdw dgdswlyh ehvw0uhso| surfhvvhv iru jhqhulf jdphv vhohfwv sxuh0vwudwhj|
surohv lq plqlpdo vhwv forvhg xqghu ehvw uhsolhv1
Ilqdoo|/ zh vkrz wkdw lq d fhuwdlq fodvv ri jdphv/ lplwdwlrq sod| vh0
ohfwv h!flhqw rxwfrphv1 Li wkh sxuh0vwudwhj| surohv lq d plqlpdo fxvehu
vhw kdyh vwulfwo| kljkhu sd|rv wkdq doo rwkhu sxuh0vwudwhj| surohv/ wkhq
wkh sxuh0vwudwhj| surohv lq wklv vhw zloo eh sod|hg zlwk suredelolw| rqh lq
wkh olplw/ surylghg wkdw wkh plqlpdo fxvehu vhw lv d surgxfw vhw1 Wklv lv d
jhqhudol}dwlrq ri suhylrxv uhvxowv iru jdphv ri frpprq lqwhuhvw1 Urevrq
dqg Yhjd0Uhgrqgr +4<<9, suryh wkdw lq wkhlu prgho d Sduhwr0grplqdqw
sxuh0vwudwhj| suroh lv vhohfwhg lq wzr0sod|hu jdphv ri frpprq lqwhuhvw1
8Dssolhg wr 55 jdphv/ rxu wkuhh uhvxowv jlyh fohdu suhglfwlrqv1 Lq
Frruglqdwlrq Jdphv/ lplwdwlrq sod| vhohfwv wkh vwulfwo| Sduhwr0vxshulru
Qdvk htxloleulxp1 Wklv uhvxow glhuv vkduso| iurp wkh suhglfwlrqv lq
\rxqj*v +4<<6, dqg Ndqgrul hw do1*v +4<<6, prghov/ zkhuh wkh vwrfkdv0
wlfdoo| vwdeoh vwdwhv fruuhvsrqg wr wkh ulvn0grplqdqw htxloleuld/ exw lw lv
frqvlvwhqw zlwk wkh suhglfwlrqv ri Urevrq dqg Yhjd0Uhgrqgr*v +4<<9,
prgho iru v|pphwulf Frruglqdwlrq Jdphv1 Krzhyhu/ li qhlwkhu htxlole0
uld Sduhwr grplqdwhv wkh rwkhu/ wkh odwwhu prgho pd| vhohfw wkh ulvn0
grplqdqw htxloleulxp/ zkhuhdv erwk htxloleuld duh sod|hg zlwk srvlwlyh
suredelolw| lq rxu prgho1 Lq jdphv zlwkrxw sxuh Qdvk htxloleuld/ doo
irxu prqrprusklf vwdwhv duh vwrfkdvwlfdoo| vwdeoh1
Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5/ zh ghqh wkh xq0
shuwxuehg dqg shuwxuehg yhuvlrqv ri lplwdwlrq sod|1 Lq Vhfwlrq 6/ zh
ghulyh jhqhudo uhvxowv iru wkh olplwlqj glvwulexwlrq ri wkh surfhvv1 Lq Vhf0
wlrq 7/ zh dsso| rxu uhvxowv wr 55 jdphv dqg frpsduh rxu qglqjv wr
wkrvh lq suhylrxv olwhudwxuh1 Lq Vhfwlrq 8/ zh glvfxvv dq h{whqvlrq ri wkh
prgho dqg lq Vhfwlrq 9/ zh frqfoxgh1 Rplwwhg surriv fdq eh irxqg lq
wkh Dsshqgl{1
5P r g h o
Wkh prgho ghvfulehg ehorz lv vlplodu wr \rxqj +4<<6,/ exw wkh vdpsolqj
surfhgxuh lv prglhg dqg lqglylgxdov hpsor| d glhuhqw ghflvlrq0uxoh1
Ohw K eh d q0sod|hu jdph lq vwudwhjlf irup1 Ohw [l eh wkh qlwh vhw ri
sxuh vwudwhjlhv {l dydlodeoh wr sod|hu l 5i >===>qj ' Q dqg ohw {E[l'
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n m s￿ ' j eh sod|hu l*v vhw ri pl{hg vwudwhjlhv sl1G h  q hw k h
surgxfw vhwv [ '
T
l [l dqg E['
T
l {E[l1
Wr hdfk sod|hu uroh l lq wkh jdph K fruuhvsrqgv d qlwh dqg qrq0
hpsw| srsxodwlrq ri lqglylgxdov1 Wkhvh srsxodwlrqv qhhg qrw eh ri wkh
9vdph vl}h/ qru qhhg wkh| eh odujh1 Wkh srsxodwlrq ri lqglylgxdov fruuh0
vsrqglqj wr sod|hu uroh l kdyh sd|rv uhsuhvhqwhg e| wkh xwlolw| ixqfwlrq
l G [ $ l/z k h u hl  U17 H{shfwhg sd|rv duh uhsuhvhqwhg e| wkh
ixqfwlrq xl G E[ $ U1 Qrwh wkdw zh zulwh sod|huv zkhq uhihuulqj
wr wkh jdph K dqg lqglylgxdov zkhq uhihuulqj wr wkh phpehuv ri wkh
srsxodwlrqv1
Wkh sod| surfhhgv dv iroorzv1 Ohw w ' >2>===ghqrwh vxffhvvlyh wlph
shulrgv1 Wkh jdph K lv sod|hg rqfh hyhu| shulrg1 Lq shulrg w/ rqh lqgl0
ylgxdo lv gudzq dw udqgrp iurp hdfk ri wkh q srsxodwlrqv dqg dvvljqhg
wr sod| wkh fruuhvsrqglqj uroh1 Dq lqglylgxdo lq uroh l fkrrvhv d sxuh
vwudwhj| {w
l iurp d vxevhw ri khu vwudwhj| vsdfh [l> d f f r u g l q jw rdu x o h
wkdw zloo eh ghqhg ehorz1 Wkh sxuh0vwudwhj| suroh {w 'E {w
￿>===>{w
q lv
uhfrughg dqg uhihuuhg wr dv sod| dw wlph w1W k h klvwru| ri sod|v xs wr
wlph w lv wkh vhtxhqfh kw 'E {w3pn￿>===>{w/z k h u hp Ee  p lv d jlyhq
srvlwlyh lqwhjhu/ wkh phpru| vl}h ri doo lqglylgxdov1
Ohw k eh dq duelwudu| klvwru|1 Ghqrwh d vdpsoh ri v + ?v p@2,
hohphqwv iurp wkh p prvw uhfhqw vwudwhj| fkrlfhv e| lqglylgxdov lq srs0
xodwlrq l e| zl 5 [v
l / dqg wkh fruuhvsrqglqj sd|r uhdol}dwlrqv e|
yl 5 v
l1 Iru dq| klvwru| k/w k hpd{lpxp dyhudjh fruuhvsrqghqfh/
l G [v
l  v
l  [l> pdsv hdfk sdlu ri vwudwhj| vdpsoh zl dqg sd|0
r vdpsoh yl wr wkh sxuh vwudwhj| +ru wkh vhw ri vwudwhjlhv, zlwk wkh
kljkhvw dyhudjh sd|r lq wkh vdpsoh1 Iroorzlqj \rxqj +4<<6,/ zh fdq
wklqn ri wkh vdpsolqj surfhvv dv ehjlqqlqj lq shulrg w ' p niurp
vrph duelwudu| lqlwldo vhtxhqfh ri p sod|v kp1 Lq wklv shulrg dqg hyhu|
shulrg wkhuhdiwhu/ hdfk lqglylgxdo lq sod|hu uroh l lqvshfwv d sdlu Ezl>y l
dqg sod|v d sxuh vwudwhj| {l 5 l Ezl>y l1 Wklv ghqhv d qlwh Pdunry
7Dfwxdoo|/ xwlolw| ixqfwlrqv qhhg qrw eh lghqwlfdo zlwklq hdfk srsxodwlrq iru dq|
ri wkh uhvxowv lq wklv sdshu1 Lw lv vx!flhqw li hdfk lqglylgxdo*v xwlolw| ixqfwlrq lv d
srvlwlyh d!qh wudqvirupdwlrq ri d srsxodwlrq0vshflf xwlolw| ixqfwlrq1
:surfhvv S￿>p>v>f rq wkh qlwh vwdwh vsdfh K ' [p ri klvwrulhv1 Jlyhq d
klvwru| kw 'E {w3pn￿>===>{w dw wlph w/ wkh surfhvv pryhv wr d vwdwh ri
wkh irup kwn￿ 'E {w3pn2>===>{w>{ wn￿ lq wkh qh{w shulrg1 Vxfk d vwdwh lv
fdoohg d vxffhvvru ri kw1 Zh fdoo wkh surfhvv S￿>p>v>f lplwdwlrq sod| zlwk
phpru| p dqg vdpsoh vl}h v1
Dv dq h{dpsoh/ frqvlghu lplwdwlrq sod| zlwk phpru| p 'Sdqg
vdpsoh vl}h v 'lq wkh 2   j d p hl qI l j x u h4 1
def
D 2>2 f>f >
E f>f > f>f
Iljxuh 4
Ohw k 'E E D>d>EE>d>ED>e>EE>e>ED>f>EE>f eh wkh lqlwldo klv0
wru|1 Dvvxph wkdw wkh lqglylgxdo lq wkh uroh ri wkh urz sod|hu +sod|hu ,
gudzv wkh odvw wkuhh sod|v iurp wklv klvwru|/ vxfk wkdw z￿ 'E E>D>E
dqg y￿ 'E  >>f1 Wklv jlyhv dq dyhudjh sd|r ri  wr vwudwhj| D dqg
@2 wr vwudwhj| E1 Khqfh/ wkh lqglylgxdo lq uroh ri wkh urz sod|hu zloo
fkrrvh vwudwhj| D lq wkh qh{w shulrg1 Ixuwkhu/ dvvxph wkdw wkh lqgl0
ylgxdo lq wkh uroh ri wkh froxpq uroh +sod|hu 2, gudzv wkh uvw wkuhh
sod|v/ vxfk wkdw z2 'E d>d>e dqg y2 'E 2 >f>f1 Wklv jlyhv dq dyhu0
djh sd|r ri  wr vwudwhj| d dqg f wr vwudwhj| e1 Vwudwhj| f fdqqrw
eh fkrvhq vlqfh lw lv qrw lqfoxghg lq wkh vdpsoh1 Khqfh/ wkh lqglylg0
xdo lq wkh froxpq uroh zloo fkrrvh vwudwhj| d lq wkh qh{w shulrg1 Do0
wrjhwkhu/ wklv lpsolhv wkdw wkh xqshuwxuehg surfhvv zloo pryh wr vwdwh
k￿ 'E E E>d>ED>e>EE>e>ED>f>EE>f>ED>d lq wkh qh{w shulrg1
Wkh shuwxuehg surfhvv fdq eh ghqhg dv iroorzv1 Lq hdfk shulrg/
wkhuh lv vrph vpdoo suredelolw| %Af wkdw hdfk lqglylgxdo l gudzq wr
sod| fkrrvhv d sxuh vwudwhj| dw udqgrp iurp [l> lqvwhdg ri dffruglqj
wr wkh lplwdwlrq uxoh1 Wkh hyhqw wkdw l h{shulphqwv lv dvvxphg wr eh
;lqghshqghqw ri wkh hyhqw wkdw m h{shulphqwv iru hyhu| m 9' l dqg dfurvv
wlph shulrgv1 Wkh surfhvv ghqhg lq wklv zd| lv ghqrwhg S ￿>p>v>% dqg
lw lv uhihuuhg wr dv lplwdwlrq sod| zlwk phpru| p/v d p s o hv l } hv/d q g
h{shulphqwdwlrq suredelolwlhv %1
6 Vwrfkdvwlf Vwdelolw|
Lq wklv vhfwlrq/ zh wxuq rxu dwwhqwlrq wr wkh olplwlqj glvwulexwlrq ri
lplwdwlrq sod| dv wkh h{shulphqwdwlrq suredelolw| whqgv wr }hur1 Zh uvw
vkrz wkdw zh fdq dsso| vrph ri wkh wrrov lq \rxqj +4<<6, wr fdofxodwh
wklv glvwulexwlrq1 Wkhuhdiwhu/ zh suryh wkdw lw sxwv srvlwlyh suredelolw|
rqo| rq wkh sxuh0vwudwhj| surohv lq sduwlfxodu vxevhwv ri wkh vwudwhj|0
vsdfh1
614 Suholplqdulhv
Lq zkdw iroorzv/ zh zloo pdnh xvh ri wkh iroorzlqj ghqlwlrqv1 D uhfxuuhqw
fodvv ri wkh surfhvv S￿>p>v>f lv d vhw ri vwdwhv vxfk wkdw wkhuh lv }hur
suredelolw| ri prylqj iurp dq| vwdwh lq wkh fodvv wr dq| vwdwh rxwvlgh/
dqg wkhuh lv d srvlwlyh suredelolw| ri prylqj iurp dq| vwdwh lq wkh fodvv wr
dq| rwkhu vwdwh lq wkh fodvv1 Zh fdoo d vwdwh k￿ devruelqj li lw frqvwlwxwhv d
vlqjohwrq uhfxuuhqw fodvv dqg zh uhihu wr d vwdwh k{ 'E {>{>===>{/z k h u h
{ lv dq| sxuh0vwudwhj| suroh iurp [/d vdprqrprusklf vwdwh1L qr w k h u
zrugv/ d prqrprusklf vwdwh lv d vwdwh zkhuh wkh lqglylgxdov lq hdfk
sod|hu uroh sod|hg wkh vdph sxuh vwudwhj| lq wkh odvw p shulrgv1 Li hdfk
sod|hu l kdv m[lm vwudwhjlhv lq wkh jdph K/w k h qw k h u hd u hm[m '
T
l m[lm prqrprusklf vwdwhv lq wklv jdph1 Wkh iroorzlqj uhvxow vkrzv
wkdw wkh prqrprusklf vwdwhv fruuhvsrqg rqh wr rqh zlwk wkh uhfxuuhqw
fodvvhv ri lplwdwlrq sod|1
Wkhruhp 4 Doo prqrprusklf vwdwhv duh devruelqj vwdwhv ri wkh xqshu0
<wxuehg surfhvv S ￿>p>v>f1 Iurp dq| vwdwh/ wkh surfhvv frqyhujhv doprvw
vxuho| wr d prqrprusklf vwdwh1
Surri= Lw lv hylghqw wkdw dq| prqrprusklf vwdwh lv dq devrue0
lqj vwdwh/ vlqfh dq| vdpsoh iurp d prqrprusklf vwdwh zloo frqwdlq rqh
vwudwhj| rqo|1 Zh vkdoo suryh wkdw li v@p  @2> wkhq wkh prqrprusklf
vwdwhv duh wkh rqo| uhfxuuhqw fodvvhv ri wkh xqshuwxuehg surfhvv1 Frq0
vlghu dq duelwudu| lqlwldo vwdwh kw 'E {w3pn￿>===>{ w1L iv@p  @2> wkhuh
lv d srvlwlyh suredelolw| wkdw doo lqglylgxdov gudzq wr sod| vdpsoh iurp







hyhu| shulrg iurp w nwr w n v lqfoxvlyh1 Doo ri wkhp sod| wkh sxuh
vwudwhj| zlwk wkh kljkhvw dyhudjh sd|r lq wkhlu vdpsoh1 Zlwkrxw orvv
ri jhqhudolw|/ dvvxph wkdw wklv lv d xqltxh sxuh vwudwhj| {W
l iru hdfk ri
wkh sod|hu urohv +li wkhuh lv pruh wkdq rqh sxuh vwudwhj|/ doo ri wkhp kdyh
srvlwlyh suredelolw| dffruglqj wr wkh dvvxpswlrqv,1 Zlwk srvlwlyh sure0
delolw|/ doo wkh lqglylgxdov gudzq wr sod| wkhuhdiwhu vdpsoh rqo| iurp
sod|v pruh uhfhqw wkdq {w lq hyhu| shulrg iurp w n v nwr w n p lq0







l/ wkh xqltxh sxuh vwudwhj| zlwk wkh kljkhvw sd|r lq wkh
vdpsoh lv {W
l1 Khqfh/ wkhuh lv d srvlwlyh suredelolw| ri dw wlph w n p
rewdlqlqj d klvwru| kwnp 'E {W>===>{W/ d prqrprusklf vwdwh1 Lw iro0
orzv wkdw iru v@p  @2> wkh rqo| uhfxuuhqw fodvvhv ri wkh xqshuwxuehg
surfhvv duh wkh prqrprusklf vwdwhv1 
E| wkh vdph orjlf dv lq \rxqj +4<<6,/ wkh shuwxuehg surfhvv S￿>p>v>%
lv d uhjxodu shuwxuehg Pdunry surfhvv/ dqg khqfh lw kdv d xqltxh vwdwlrq0
du| glvwulexwlrq % vdwlvi|lqj wkh htxdwlrq %S￿>p>v>% ' %1P r u h r y h u /e |
Wkhruhp 7 lq \rxqj +4<<6, *4%<f % ' f h{lvwv/ dqg f lv d vwdwlrqdu|
glvwulexwlrq ri S ￿>p>v>f1
43Wkh iroorzlqj frqfhswv duh gxh wr Iuhlgolq dqg Zhqw}hoo +4<;7,/ Irv0
whu dqg \rxqj +4<<3,/ dqg \rxqj +4<<6,1 D vwdwh k 5 K lv vwrfkdvwlfdoo|
vwdeoh uhodwlyh wr wkh surfhvv S ￿>p>v>% li *4%<f %Ek A f1O h w k￿ eh d
vxffhvvru ri k dqg ohw { eh wkh uljkw0prvw hohphqw ri k￿1D plvwdnh lq
wkh wudqvlwlrq iurp k wr k￿ lv d frpsrqhqw {l ri { wkdw grhv qrw kdyh wkh
pd{lpxp dyhudjh sd|r lq dq| vdpsoh ri vwudwhjlhv dqg sd|rv iurp k1
Iru dq| wzr vwdwhv k/ k￿/ wkh uhvlvwdqfh/ u/ lv wkh wrwdo qxpehu ri plv0
wdnhv lqyroyhg lq wkh wudqvlwlrq k $ k￿ li k￿ lv d vxffhvvru ri k/r w k h u z l v h
u ' 41 Iru hdfk sdlu ri glvwlqfw prqrprusklf vwdwhv/ dq {|0sdwk lv d
vhtxhqfh ri vwdwhv  'E k{>===>k| ehjlqqlqj lq k{ dqg hqglqj lq k|1W k h
uhvlvwdqfh ri wklv sdwk lv wkh vxp ri wkh uhvlvwdqfhv rq wkh hgjhv wkdw
frpsrvh lw1 Ohw u{| eh wkh ohdvw uhvlvwdqfh ryhu doo {|0sdwkv1 Frqvwuxfw
d frpsohwh gluhfwhg judsk zlwk m[m yhuwlfhv/ rqh iru hdfk uhfxuuhqw fodvv1
Wkh zhljkw rq wkh gluhfwhg hgjh k{ $ k| lv u{|1Dwuhh urrwhg dw k{ lv d
vhw ri m[m gluhfwhg hgjhv vxfk wkdw/ iurp hyhu| yhuwh{ glhuhqw iurp
k{/ wkhuh lv d xqltxh gluhfwhg sdwk lq wkh wuhh wr k{1W k huhvlvwdqfh ri
vxfk d urrwhg wuhh @E{ l vw k hv x pr iw k hu h v l v w d q f h vu{￿{￿￿ rq wkh m[m
hgjhv wkdw frpsrvh lw1 Wkh vwrfkdvwlf srwhqwldo E{ ri d prqrprusklf
vwdwh k{ lv wkh plqlpxp uhvlvwdqfh ryhu doo wuhhv urrwhg dw k{1
Wkh iroorzlqj wkhruhp ghvfulehv wkh orqj0uxq ehkdylru ri wkh shu0
wxuehg surfhvv dv wkh h{shulphqwdwlrq suredelolw| whqgv wr }hur1
Wkhruhp 5 Wkh vwrfkdvwlfdoo| vwdeoh vwdwhv ri S￿>p>v>% duh wkh prqrpru0
sklf vwdwhv zlwk plqlpxp vwrfkdvwlf srwhqwldo1
Surri= Wklv iroorzv iurp Wkhruhp 4 deryh dqg Wkhruhp 7 lq \rxqj
+4<<6,1 
Lq rughu wr fkdudfwhul}h wkh vhwv ri prqrprusklf vwdwhv zlwk plql0
pxp vwrfkdvwlf srwhqwldo/ wkh ehwwhu0uhso| fruuhvsrqghqfh  '
T
lMQ l G
44E[  [ wxuqv rxw wr eh xvhixo1 Wklv frqfhsw/ gxh wr Ulw}ehujhu dqg
Zhlexoo +4<<8,/ lv ghqhg dv iroorzv=
l Es'i{l 5 [l m xl E{l>s 3l  xl Esj/ ;l 5 Q1+ 4 ,
Li s 5 E[ kdv vxssruw rqo| rq d vlqjoh sxuh0vwudwhj| suroh { 5 [/
zh zulwh l E{ lqvwhdg ri l Es lq rughu wr vlpsoli| wkh qrwdwlrq1
Wkh iroorzlqj ohppd lv khosixo lq fdofxodwlqj wkh vwrfkdvwlf srwhqwldo
ri d prqrprusklf vwdwh1
Ohppd 4 Wkh uhvlvwdqfh iurp k{ wr k| lv srvlwlyh iru dq| | 9' {= Lw lv
h t x d ow rr q hl id q gr q o |l i| 5 ElE{>{ 3l iru vrph sod|hu l=
Surri= Wkh uvw vwdwhphqw iroorzv vlqfh d prqrprusklf vwdwh frq0
vlvwv ri d uhshwlwlrq ri d vlqjoh vwudwhj| suroh dqg vlqfh rqo| vwudwhjlhv
lqfoxghg lq wkh vdpsoh fdq eh vhohfwhg lq wkh devhqfh ri shuwxuedwlrqv1
Wkh uhvlvwdqfh lv htxdo wr rqh li | 5 ElE{>{ 3l iru vrph sod|hu l/v l q f h
wkhq k| fdq eh uhdfkhg li dq lqglylgxdo lq sod|hu uroh l sod|v |l e| plvwdnh/
dqg p frqvhfxwlyh lqglylgxdov lq sod|hu uroh l wkhuhdiwhu gudz d vdp0
soh lqfoxglqj vwudwhj| |l1 Pruhryhu/ lw lv fohdu wkdw li |@ 5 ElE{>{ 3l iru
doo l/ wkhq d vlqjoh plvwdnh lv lqvx!flhqw wr pdnh dq| lqglylgxdo fkdqjh
vwudwhj|1 Khqfh/ wkh uhvlvwdqfh ri wkh wudqvlwlrq iurp k{ wr k| lv htxdo
wr rqh rqo| li | 5 ElE{>{ 3l iru vrph sod|hu l1 
Lq rughu wr looxvwudwh krz wr fdofxodwh wkh vwrfkdvwlf srwhqwldo xqghu
lplwdwlrq sod|/ zh suhvhqw dq h{dpsoh ri d wzr0sod|hu jdph1 Lq wkh jdph
lq Iljxuh 5/ hyhu| sod|hu kdv wkuhh vwudwhjlhv/ odehohg D/ E dqg F iru wkh
uvw sod|hu dqg d/ e dqg f iru wkh vhfrqg sod|hu1 Wkh jdph kdv rqh vwulfw
Qdvk htxloleulxp ED>d/ zkhuh erwk sod|huv jdlq ohvv wkdq lq d pl{hg
htxloleulxp zlwk wkh suredelolw| pl{wxuh @2 rq E Ee dqg @2 rq F Ef
iru wkh uvw +vhfrqg, sod|hu18








D > f>f f>f
E f>f >2 f>
F f>f f> >2
Iljxuh 5
Ghqrwh e| {￿ 5i D>E>Fj vrph vwudwhj| fkrlfh e| sod|hu  dqg
{2 5i d>e>fj vrph vwudwhj| fkrlfh e| sod|hu 21 Wr qg wkh vwrfkdvwlfdoo|
vwdeoh prqrprusklf vwdwhv/ frqvwuxfw gluhfwhg judskv zlwk qlqh yhuwlfhv/
rqh iru hdfk prqrprusklf vwdwh1 Lq Iljxuh 6/ zh looxvwudwh wzr vxfk wuhhv1
Wkh qxpehuv lq wkh vtxduhv fruuhvsrqg wr wkh uhvlvwdqfhv ri wkh gluhfwhg
hgjhv dqg wkh qxpehuv lq wkh flufohv uhsuhvhqw wkh sd|rv dvvrfldwhg
zlwk wkh prqrprusklf vwdwhv1 Lw lv hdv| wr fkhfn wkdw iru vA2/w k h
vwrfkdvwlf srwhqwldo ED>d'H > zkhuhdv doo rwkhu prqrprusklf vwdwhv














































Iljxuh 6Plqlpxp0uhvlvwdqfh wuhhv urrwhg dw kED>d￿ dqg kEE>e￿> uhvshfwlyho|1
615 Vwrfkdvwlfdoo| Vwdeoh Vhwv
Lq wklv vxevhfwlrq/ zh zloo vkrz wkdw wkh vwrfkdvwlfdoo| vwdeoh vwdwhv ri
lplwdwlrq sod| fruuhvsrqg wr sxuh0vwudwhj| surohv lq sduwlfxodu vxevhwv
46ri wkh vwudwhj|0vsdfh1 Lq rughu wr gr wklv/ zh zloo lqwurgxfh vrph qhz
frqfhswv dqg suryh irxu ohppdwd1
Ohppd 5 Li {￿ 5 ElE{>{ 3l iru vrph sod|hu l 5 Q/ wkhq wkh iroorz0
lqj lqhtxdolw| krogv iru wkh vwrfkdvwlf srwhqwldov E{ dqg E{￿ ri wkh
prqrprusklf vwdwhv k{ dqg k{￿> uhvshfwlyho|=
E{  E{
￿= +5,
Surri= E| ghqlwlrq/ E{ lv wkh plqlpxp uhvlvwdqfh ryhu doo wuhhv
urrwhg dw vwdwh k{1 Frqvwuxfw d wuhh urrwhg dw k{￿ e| wdnlqj +rqh ri, wkh
wuhh+v, zlwk plqlpxp uhvlvwdqfh urrwhg dw k{/ dgglqj wkh gluhfwhg hgjh
iurp { wr {￿ dqg ghohwlqj wkh gluhfwhg hgjh iurp {￿1E |O h p p d4d e r y h /
wkh uhvlvwdqfh ri wkh dgghg hgjh lv h{dfwo| rqh dqg wkdw ri wkh ghohwhg
hgjh dw ohdvw rqh/ vr wkh wrwdo uhvlvwdqfh ri wkh qhz wuhh lv E{ dw prvw1

Ghqlwlrq 4 D qrq0hpsw| vhw ri vwudwhj| surohv Y lv forvhg xqghu
vlqjoh ehwwhu uhsolhv/ ru d fxvehu vhw/ li/ iru hdfk { 5 Y dqg l 5 Q/
ElE{>{ 3l  Y 1 Vxfk d vhw lv fdoohg d plqlpdo fxvehu v h wl il wg r h v
qrw surshuo| frqwdlq dqrwkhu fxvehu vhw1
Iurp wkh ghqlwlrq lw iroorzv wkdw hyhu| jdph frqwdlqv d plqlpdo fxv0
e h uv h wd q gw k d wd q |plqlpdo forvhg vhwv xqghu ehwwhu uhsolhv +Ulw}ehujhu
dqg Zhlexoo/ 4<<8, frqwdlqv d plqlpdo fxvehu vhw1 Krzhyhu/ xqolnh plq0
l p d of o r v h gv h w vx q g h ue h w w h uu h s o l h v /p l q l p d of x v e h uv h w vd u hq r wq h f h v 0
v d u l o |s u r g x f wv h w v+ v h hi r uh { d p s o hw k hj d p hl qI l j x u h7 , 1
Ohw d ehwwhu0uhso| sdwk eh d vhtxhqfh ri sxuh0vwudwhj| surohv {￿>{ 2===>{o
vxfk wkdw iru hyhu| n 5i >===>o  j/ wkhuh h{lvwv d xqltxh sod|hu/ vd|





47Ohppd 6 Iru dq| wzr vwudwhj| surohv {>{￿ lq d plqlpdo fxvehu vhw Y /
wkhuh h{lvw ehwwhu0uhso| sdwkv {>===>{￿ dqg {￿>===>{/ zklfk frqqhfw wkhvh
vwudwhj| surohv1
Surri= Ohw Y eh d plqlpdo fxvehu vhw1 Vxssrvh wkdw wkh fodlp lv
idovh dqg wkhuh h{lvw wzr sxuh vwudwhj| surohv {>{￿ 5 Y vxfk wkdw wkhuh
lv qr ehwwhu0uhso| sdwk iurp { wr {￿1 Frqvlghu doo ehwwhu0uhso| sdwkv/
vwduwlqj dw vwudwhj| suroh {1 Wkhuh duh d qlwh qxpehu ri sdwkv dqg d
qlwh qxpehu ri sxuh vwudwhj| surohv dorqj doo wkhvh sdwkv1 Froohfw doo
wkhvh vwudwhj| surohv lq d vhw1 E| frqvwuxfwlrq wklv vhw lv d fxvehu vhw
dqg e| dvvxpswlrq lw grhv qrw frqwdlq wkh yhuwh{ {￿/ frqwudglfwlqj wkh
dvvxpswlrq ri Y ehlqj d plqlpdo fxvehu vhw1 
Wr hyhu| vwudwhj| suroh { 5 [ ri d plqlpdo fxvehu vhw Y fruuhvsrqgv
d prqrprusklf vwdwh k{ zklfk lv d uhshwlwlrq ri wkh dvvrfldwhg sxuh0
vwudwhj| suroh= Zh fdoo wkh vhw ri wkhvh prqrprusklf vwdwhv dq 0vhw
dqg ghqrwh lw e| Y= Lq rwkhu zrugv/ Y 'ik{ 5 K G { 5 Y j1
Ohppd 7 Doo prqrprusklf vwdwhv lq dq 0vhw kdyh htxdo vwrfkdvwlf
srwhqwldo1
Surri= Rq wkh rqh kdqg/ e| Ohppd 6/ wkhuh h{lvwv d ehwwhu0uhso|
sdwk iurp dq duelwudu| vwudwhj| suroh { lq d plqlpdo fxvehu vhw wr dq|
rwkhu vwudwhj| suroh {￿ lq wkh vdph plqlpdo fxvehu vhw1 Ohw wkh vhtxhqfh
{>===>{￿ eh vxfk d sdwk1 E| Ohppd 5/ wkh iroorzlqj lqhtxdolwlhv krog
iru wkh vwrfkdvwlf srwhqwldo ri wkh fruuhvsrqglqj prqrprusklf vwdwhv
k{>===>k{￿ G
E{  ===  E{
￿= +6,
Rq wkh rwkhu kdqg/ e| dsso|lqj Ohppd 6 rqfh pruh/ wkhuh h{lvw d ehwwhu0
uhso| sdwk iurp wkh vwudwhj| wxsoh {￿ wr wkh vwudwhj| wxsoh {1X v l q j
48Ohppd 5/ jlyhv=
E{
￿  ===  E{= +7,
Iurp wkh lqhtxdolwlhv lq E dqg Ee lw iroorzv wkdw E{'E{￿ iru wkh
prqrprusklf vwdwhv k{ dqg k{￿1 
E d v h gr qO h p p d7 /z hf d qg h  q hw k hvwrfkdvwlf srwhqwldo ri dq 0vhw
dv wkh vwrfkdvwlf srwhqwldo ri dq| prqrprusklf vwdwh frqwdlqhg lq lw1
Ohppd 8 Iru hyhu| prqrprusklf vwdwh zklfk grhv qrw ehorqj wr dq|
0vhw/ wkhuh h{lvwv d prqrprusklf vwdwh zlwk orzhu vwrfkdvwlf srwhqwldo1
Surri= Vhh wkh Dsshqgl{1
Zh duh qrz lq d srvlwlrq wr vwdwh wkh iroorzlqj pdlq wkhruhp1
Wkhruhp 6 Wkh vwrfkdvwlfdoo| vwdeoh vwdwhv ri S￿>p>v>% duh wkh prqrpru0
sklf vwdwhv frqwdlqhg lq 0vhw+v, zlwk plqlpxp vwrfkdvwlf srwhqwldo1
Surri= Wkh wkhruhp iroorzv lpphgldwho| iurp Ohppd 7/ Ohppd
8/ dqg Wkhruhp 51 
Wkhruhp 6 hvwdeolvkhv d uhodwlrq ehwzhhq wkh vwrfkdvwlfdoo| vwdeoh
vwdwhv ri lplwdwlrq sod| dqg plqlpdo fxvehu vhwv/ zklfk lv vlplodu wr wkh
uhodwlrqvkls ehwzhhq wkh vwrfkdvwlfdoo| vwdeoh vwdwhv dqg plqlpdo fxue
vhwv uvw suryhg iru d sduwlfxodu g|qdplf e| Kxunhqv +4<<8,/ dqg odwhu
prglhg iru d glhuhqw g|qdplf e| \rxqj +4<<;/ s1 444,1
Zh vd| wkdw d qlwh vhw \ ri sxuh0vwudwhj| surohv vwulfwo| Sduhwr
grplqdwhv d sxuh0vwudwhj| suroh { li iru dq| sxuh0vwudwhj| suroh | 5 \ /
l E| A l E{/i r ud o ol1 Wkh iroorzlqj wkhruhp vkrzv wkdw li wkh vdpsoh
vl}h lv vx!flhqwo| odujh/ lplwdwlrq sod| vhohfwv vhwv ri h!flhqw rxwfrphv
lq d odujh fodvv ri jdphv1
49Wkhruhp 7 Li d plqlpdo fxvehu vhw Y lv d surgxfw vhw dqg vwulfwo|
Sduhwr grplqdwhv doo sxuh0vwudwhj| surohv rxwvlgh Y / wkhq wkhuh h{lvwv
dq vW  > vxfk wkdw iru hyhu| vdpsoh vl}h vAv W> wkh vwrfkdvwlfdoo| vwdeoh
vwdwhv ri S ￿>p>v>% duh wkh prqrprusklf vwdwhv frqwdlqhg lq wkh 0vhw Y1
Surri= Vhh wkh Dsshqgl{1
Wkh lqwxlwlrq ehklqg wklv uhvxow lv wkdw iru d vx!flhqwo| odujh vdpsoh
vl}h/ wkh wudqvlwlrq iurp d vwdwh lqvlgh Y wr dq| vwdwh rxwvlgh Y uhtxluhv
pruh plvwdnhv wkdq wkh qxpehu ri sod|hu urohv/ zkloh wkh rssrvlwh wudqvl0
wlrq uhtxluhv rqh plvwdnh shu sod|hu uroh dw prvw1 Wkh iroorzlqj fruroodu|
iroorzv lpphgldwho| iurp Wkhruhp 71
Fruroodu| 4 Li d vwulfw Qdvk Htxloleulxp { vwulfwo| Sduhwr grplqdwhv
doo rwkhu sxuh0vwudwhj| surohv/ wkhq wkhuh h{lvwv dq vW  > vxfk wkdw iru
hyhu| vdpsoh vl}h vAv W>k { lv d xqltxh vwrfkdvwlfdoo| vwdeoh vwdwh ri
S￿>p>v>%1
Wkh uhtxluhphqw lq Wkhruhp 7 wkdw Y eh d surgxfw vhw lv qhfhvvdu|/
dv vkrzq e| wkh jdph lq Iljxuh 71
def
D > f>f f>f
E f>f f>f D>
F f>f 2>e D>e
Iljxuh 7
Lq wklv jdph/ wkh plqlpdo fxvehu vhw Y ' iEF>e>EF>f>EE>fj
vwulfwo| Sduhwr grplqdwhv doo sxuh0vwudwhj| surohv rxwvlgh Y 1O h wY eh
wkh 0vhw dvvrfldwhg zlwk Y 1 Lw lv hylghqw wkdw wzr plvwdnhv duh hqrxjk
wr pryh iurp prqrprusklf vwdwh kED>d￿ wr dq| prqrprusklf vwdwh lq
Y1 Zh zloo vkrz wkdw wzr plvwdnhv duh dovr hqrxjk wr pryh iurp Y wr
4:d prqrprusklf vwdwh rxwvlgh ri Y1 Vxssrvh wkh surfhvv lv lq wkh vwdwh
kEF>f￿ dw wlph w1 Ixuwkhu/ vxssrvh wkdw wkh lqglylgxdo lq sod|hu uroh 
sod|v E lqvwhdg ri F dw wlph w ne| plvwdnh1 Wklv uhvxowv lq sod|
EE>f dw wlph wn1 Dvvxph wkdw wkh lqglylgxdo lq sod|hu uroh 2 pdnhv d
plvwdnh dqg sod|v e lqvwhdg ri f/ dqg wkdw wkh lqglylgxdo lq sod|hu uroh 
sod|v F lq shulrg w n2 1 Khqfh/ wkh sod| dw wlph w n2lv EF>e1D v v x p h
wkdw wkh lqglylgxdov lq erwk sod|hu urohv vdpsoh iurp shulrg w  v n2
wr shulrg w n2iru wkh qh{w v shulrgv1 Wklv phdqv wkdw wkh lqglylgxdov
lq sod|hu uroh  fkrrvh wr sod| E dqg wkh lqglylgxdov lq sod|hu uroh 2
fkrrvh wr sod| e iurp shulrg wnwr shulrg wnvn21 Wkhuh lv d srvlwlyh
suredelolw| wkdw iurp shulrg w n v nwkurxjk shulrg w n p n2 > wkh
lqglylgxdov lq erwk sod|hu urohv zloo vdpsoh iurp shulrgv odwhu wkdq wn21
Khqfh/ e| wkh hqg ri shulrg w n p n2 / wkhuh lv d srvlwlyh suredelolw|
wkdw wkh surfhvv zloo kdyh uhdfkhg wkh prqrprusklf vwdwh kEE>e￿ rxwvlgh
Y1 Lw lv qrz vwudljkwiruzdug wr vkrz wkdw doo wkh prqrprusklf vwdwhv
kED>d￿/ kEF>e￿/ kEF>f￿> dqg kEE>f￿ kdyh htxdo vwrfkdvwlf srwhqwldo1
7D s s o l f d w l r q v w r 5 5J d p h v
Lq wklv vhfwlrq/ zh dsso| wkh uhvxowv iurp Vhfwlrq 6 wr 55 jdphv1 Iluvw/
zh qg wkh vwrfkdvwlfdoo| vwdeoh vwdwhv lq wkuhh vshfldo fodvvhv ri jdphv
dqg vhfrqg/ zh vwxg| wkh vshhg ri frqyhujhqfh lq jhqhudo 55 jdphv1
Lq doo ri wkh iroorzlqj jdphv/ zh ghqrwh sod|hu 4*v vwudwhjlhv D dqg E/
dqg sod|hu 5*v vwudwhjlhv d dqg e> uhvshfwlyho|1
714 Vwrfkdvwlfdoo| Vwdeoh Vwdwhv
Lq wklv vxevhfwlrq/ zh dqdo|}h wkh vwrfkdvwlf vwdelolw| lq jdphv zlwk
wzr vwulfw Qdvk htxloleuld/ jdphv zlwk rqh vwulfw Qdvk htxloleulxp dqg
jdphv zlwkrxw Qdvk htxloleuld lq sxuh vwudwhjlhv1 Zh vwduw zlwk wkh
fodvv ri jdphv zlwk d xqltxh vwulfw Qdvk htxloleulxp/ zklfk lqfoxghv/ iru
4;h{dpsoh/ Sulvrqhuv* Glohppd Jdphv1
Fruroodu| 5 Lq 55 jdphv zlwk d xqltxh vwulfw Qdvk htxloleulxp/ wkh
fruuhvsrqglqj prqrprusklf vwdwh lv d xqltxh vwrfkdvwlfdoo| vwdeoh vwdwh1
Surri= Jdphv lq wklv fodvv frqwdlq h{dfwo| rqh plqlpdo fxvehu vhw/
frqvlvwlqj ri wkh xqltxh vwulfw Qdvk htxloleulxp1 E| Wkhruhp 6/ wkh fru0
uhvsrqglqj prqrprusklf vwdwh pxvw eh wkh xqltxh vwrfkdvwlfdoo| vwdeoh
vwdwh1 
Zh qrz surfhhg zlwk wkh fodvv ri jdphv zlwk wzr vwulfw Qdvk htxl0
oleuld1 Frruglqdwlrq Jdphv dqg Kdzn0Gryh Jdphv duh wzr h{dpsohv
ri jdphv lq wklv fodvv1
Fruroodu| 6 Lq 55j d p h vz l w kw z rv w u l f wQ d v kh t x l o l e u l d /z k h u hr q h
Qdvk Htxloleulxp vwulfwo| Sduhwr grplqdwhv wkh rwkhu/ wkhuh h{lvwv dq
vW  > vxfk wkdw iru hyhu| vdpsoh vl}h vAv W> wkh xqltxh vwrfkdvwlfdoo|
vwdeoh vwdwh fruuhvsrqgv rqh wr rqh zlwk wkh prqrprusklf vwdwh ri wkh
Sduhwr grplqdqw htxloleulxp1
Surri= J d p h vl qw k l vf o d v vf r q w d l qw z rp l q l p d of x v e h uv h w v /h l w k h u
iED>dj dqg iEE>ej ru iED>ej dqg iEE>dj1 Zlwkrxw orvv ri jhqhu0
dolw|/ dvvxph wkdw iED>dj dqg iEE>ej duh wkh plqlpdo fxvehu vhwv1 Li
ED>d vwulfwo| Sduhwr grplqdwhv EE>e/ lw pxvw dovr vwulfwo| Sduhwr grp0
lqdwh wkh wzr rwkhu sxuh0vwudwhj| surohv/ ED>e dqg EE>d1K h q f h /e |
Fruroodu| 4/ wkh prqrprusklf vwdwh kED>d￿ lv wkh xqltxh vwrfkdvwlfdoo|
vwdeoh vwdwh1 
Wklv lpsolhv wkdw/ xqolnh \rxqj*v +4<<6, surfhvv ri dgdswlyh sod|/
lplwdwlrq sod| grhv qrw jhqhudoo| frqyhujh wr wkh ulvn0grplqdqw htxl0
oleulxp lq Frruglqdwlrq Jdphv1 Rxu uhvxow lv frqvlvwhqw zlwk Urevrq
4<dqg Yhjd0Uhgrqgr*v +4<<9, uhvxow iru jhqhulf v|pphwulf Frruglqdwlrq
Jdphv1 Krzhyhu/ iru wkh qrq0jhqhulf fdvh zkhq lED>d'lEE>e/w k h
vwrfkdvwlfdoo| vwdeoh vwdwhv lq wkhlu prgho ghshqg rq wkh ghwdlov ri wkh
dgmxvwphqw surfhvv/ zkhuhdv lplwdwlrq sod| dozd|v vhohfwv erwk htxlole0
uld1
Sursrvlwlrq 4 Lq 55 jdphv zlwk wzr vwulfw Qdvk htxloleuld/ zkhuh qhl0
wkhu vwulfwo| Sduhwr grplqdwhv wkh rwkhu/ wkh vwrfkdvwlfdoo| vwdeoh vwdwhv
fruuhvsrqg rqh wr rqh zlwk wkh prqrprusklf vwdwhv ri wkh wzr htxloleuld1
Surri= Vhh wkh Dsshqgl{1
Ilqdoo|/ zh frqvlghu jdphv zklfk gr qrw kdyh dq| Qdvk htxloleulxp
lq sxuh vwudwhjlhv1 Rqh ri wkh jdphv lq wklv fodvv lv wkh Pdwfklqj Shqqlhv
Jdph1
Fruroodu| 7 Lq 55 jdphv zlwkrxw Qdvk htxloleuld lq sxuh vwudwhjlhv/
wkh vwrfkdvwlfdoo| vwdeoh vwdwhv fruuhvsrqg rqh wr rqh zlwk wkh irxu prqrpru0
sklf vwdwhv ri wkh jdph1
Surri= Jdphv lq wklv fodvv frqwdlq h{dfwo| rqh plqlpdo fxvehu vhw
iED>d>ED>e>EE>d>EE>ej1 E| Wkhruhp 6/ wkh irxu fruuhvsrqglqj
prqrprusklf vwdwhv duh doo vwrfkdvwlfdoo| vwdeoh1 
715 Vshhg ri Frqyhujhqfh
Lq wklv vxevhfwlrq/ zh dqdo|}h wkh vshhg ri frqyhujhqfh ri lplwdwlrq sod|1
Sursrvlwlrq 5 Lq 55 jdphv/ wkh pd{lpxp h{shfwhg uvw sdvvdjh wlph
iru wkh shuwxuehg surfhvv S￿>p>v>% iurp dq| vwdwh wr d vwrfkdvwlfdoo| vwdeoh
vwdwh lv dw prvw %32 xqlwv ri wlph/ iru vrph srvlwlyh frqvwdqw 1
53Surri= Wkh fodlp iroorzv iurp wkh revhuydwlrq wkdw lq dq| 55
jdph/ wkh wudqvlwlrq iurp dq duelwudu| vwdwh wr d vwrfkdvwlfdoo| vwdeoh
prqrprusklf vwdwh uhtxluhv wzr plvwdnhv dw prvw1 
Wklv uhvxow vkrxog eh frqwudvwhg zlwk wkh vshhg ri frqyhujhqfh lq
\rxqj +4<<6,/ Ndqgrul hw do1 +4<<6,/ dqg Urevrq dqg Yhjd0Uhgrqgr
+4<<9,1 Lq \rxqj*v +4<<6, prgho/ wkh pd{lpxp h{shfwhg uvw sdvvdjh
iru d 55 Frruglqdwlrq Jdph lv dw ohdvw \%3y zkhuh y ghshqgv rq wkh
vdpsoh vl}h dqg erwk sod|huv* sd|rv1 Lq Ndqgrul hw do1 +4<<6, wkh pd{0
lpxp h{shfwhg uvw sdvvdjh wlph lv ri wkh rughu NPU%3Qx/z k h u hQ
lv wkh vl}h ri wkh srsxodwlrq dqg x lv ghwhuplqhg e| wkh jdph*v sd|r
vwuxfwxuh1 Lq Urevrq dqg Yhjd0Uhgrqgr +4<<9,/ wkh fruuhvsrqglqj j0
xuh lv UY %3t/z k h u ht lv d srvlwlyh lqwhjhu lqghshqghqw ri wkh sd|rv
dqg wkh fxuuhqw vwdwh1 Wkxv/ zkhq y/ Qx> dqg t duh juhdwhu wkdq wzr
dqg % lv vx!flhqwo| vpdoo/ wkhq lplwdwlrq sod| frqyhujhv frqvlghudeo|
idvwhu wkdq wkh surfhvvhv lq wkhvh wkuhh prghov1
8H { w h q v l r q v
Doo uhvxowv lq wklv sdshu krog iru d pruh jhqhudo fodvv ri lplwdwlrq g|0
qdplfv1 Ohw wkh pd{lpxp fruuhvsrqghqfh eh d fruuhvsrqghqfh zklfk
pdsv d vwudwhj| vdpsoh zl dqg wkh dvvrfldwhg sd|r vdpsoh yl wr d vwudw0
hj| zlwk wkh kljkhvw sd|r lq wkh vdpsoh1 Wklv fruuhvsrqghqfh ghqhv
d qhz Pdunry surfhvv rq wkh vsdfh ri klvwrulhv zlwk wkh vdph vhw ri
devruelqj vwdwhv dqg +iru d vx!flhqwo| odujh vdpsoh vl}h, vwrfkdvwlfdoo|
vwdeoh vwdwhv dv lplwdwlrq sod|1 Pruhryhu/ li hdfk srsxodwlrq frqvlvwv ri
duelwudu| vkduhv ri lqglylgxdov zkr pdnh fkrlfhv edvhg rq wkh pd{lpxp
fruuhvsrqghqfh dqg wkh pd{lpxp dyhudjh fruuhvsrqghqfh/ uhvshfwlyho|/
wkhq wkh uhvxowv ri wklv sdshu vwloo krog1 Khqfh/ wkh prgho doorzv iru d
fhuwdlq nlqg ri srsxodwlrq khwhurjhqhlw|/ zkhuh lqglylgxdov pdnh wkhlu
54fkrlfhv edvhg rq glhuhqw uxohv1
9F r q f o x v l r q
Lq wklv sdshu zh ghyhors dq hyroxwlrqdu| prgho zlwk shushwxdo udqgrp
vkrfnv zkhuh lqglylgxdov/ lq hyhu| shulrg/ fkrrvh wkh vwudwhj| zlwk wkh
kljkhvw dyhudjh sd|r lq d qlwh vdpsoh ri sdvw sod|1 Zh ghqrwh wkh
uhvxowlqj Pdunry surfhvv lplwdwlrq sod| dqg suryh wkdw/ surylghg lqiru0
pdwlrq lv vx!flhqwo| lqfrpsohwh dqg wkh vdpsoh vl}h vx!flhqwo| odujh/
wkh vwrfkdvwlfdoo| vwdeoh vwdwhv ri lplwdwlrq sod| duh uhshwlwlrqv ri wkh
sxuh0vwudwhj| surohv lq plqlpdo forvhg vhwv xqghu vlqjoh ehwwhu0uhsolhv1
Zh fdoo vxfk vhwv plqlpdo fxvehu vhwv1 Wkhvh vhwv duh uhodwhg wr plqlpdo
forvhg vhwv xqghu ehwwhu uhsolhv1 Zh dovr suryh wkdw li wkh sxuh0vwudwhj|
surohv lq d plqlpdo fxvehu vhw kdyh vwulfwo| kljkhu sd|rv wkdq doo rxw0
vlgh sxuh0vwudwhj| surohv/ wkhq/ surylghg wkdw wkh plqlpdo fxvehu vhw
lv d surgxfw vhw dqg wkh vdpsoh lv vx!flhqwo| odujh/ wkh sxuh0vwudwhj|
surohv lq wklv vhw zloo eh sod|hg zlwk suredelolw| rqh lq wkh olplw dv wkh
h{shulphqwdwlrq suredelolw| whqgv wr }hur1 Rxu uhvxowv jlyh fohdu suh0
glfwlrqv lq 55 jdphv1 Lq Frruglqdwlrq Jdphv/ zkhuh rqh htxloleulxp
vwulfwo| Sduhwr grplqdwhv wkh rwkhu/ lplwdwlrq sod| vhohfwv wkh vwulfwo|
Sduhwr vxshulru Qdvk htxloleulxp1 Li qhlwkhu htxloleuld vwulfwo| Sduhwr
grplqdwhv wkh rwkhu/ wkhq erwk duh vwrfkdvwlfdoo| vwdeoh1 Ilqdoo|/ zh
vkrz wkdw wkh vshhg ri frqyhujhqfh iru lplwdwlrq sod| lq pdq| fdvhv lv
kljkhu wkdq lq rwkhu nqrzq prghov1
Wkh remhfwlyh ri wklv sdshu lv wr ghulyh suhglfwlrqv iru jhqhudo qlwh
jdphv lq d zruog ri wuxo| erxqghgo| udwlrqdo lqglylgxdov1 Wkh dvvxps0
wlrq xqghuo|lqj wkh prgho/ wkdw lqglylgxdov gr qrw pdnh ghflvlrqv edvhg
rq wkh suhglfwlrqv ri wkhlu rssrqhqwv* ixwxuh vwudwhjlhv/ exw udwkhu edvhg
rq zklfk vwudwhjlhv kdyh ehhq vxffhvvixo lq wkh sdvw/ lv pd|eh prvw ds0
55shdolqj lq wkh fodvv ri jdphv zkhuh lw lv frvwo| wr rewdlq lqirupdwlrq
derxw wkh rssrqhqwv1 D kljk frvw pd| eh gxh wr wkh vl}h ru wkh frp0
soh{lw| ri wkh jdph ru wr lqvwlwxwlrqdo idfwruv suhyhqwlqj wkh uhohdvh ri
lqirupdwlrq derxw wkh rssrqhqwv1 Lw zrxog eh sduwlfxoduo| lqwhuhvwlqj
wr whvw wkh lpsolfdwlrqv ri rxu prgho djdlqvw hpslulfdo ru h{shulphqwdo
hylghqfh lq wklv fodvv ri jdphv1
: Dsshqgl{
Surri ri Ohppd 8= Iru hyhu| vwudwhj| suroh qrw lqfoxghg lq dq|
plqlpdo fxvehu vhw/ wkhuh h{lvwv d qlwh ehwwhu0uhso| sdwk zklfk hqgv
lq vrph plqlpdo fxvehu vhw1 Ohw wklv sdwk eh {￿>{ 2>===>{W3￿>{ W/z k h u h
{￿ lv dq duelwudu| vwudwhj| suroh wkdw grhv qrw ehorqj wr dq| plqlpdo
fxvehu vhw dqg {W wkh uvw prqrprusklf vwdwh rq wkh sdwk ehorqjlqj
wr vrph plqlpdo fxvehu vhw/ Y 1 E| Ohppd 5/ lw iroorzv wkdw wkh iro0





























wkh plqlpxp uhvlvwdqfh ryhu doo wuhhv urrwhg dw wkh vwdwh k{W3￿1G h q r w h
+rqh ri, wkh wuhh+v, wkdw plqlpl}hv uhvlvwdqfh e| @

{W3￿




d gluhfwhg hgjh iurp vrph yhuwh{ k| vxfk wkdw | lv
lq wkh plqlpdo fxvehu vhw Y> wr vrph rwkhu yhuwh{ k|￿ vxfk wkdw |￿ lv
rxwvlgh wklv plqlpdo fxvehu vhw1 Lw zloo eh vkrzq odwhu wkdw wkhuh lv




Ghohwh lq wkh wuhh @

{W3￿
wkh gluhfwhg hgjh k| $ k|￿ dqg dgg wkh
gluhfwhg hgjh k{W3￿ $ k{W1D vd u h v x o w /z hr e w d l q dw u h h @E| urrwhg
dw wkh vwdwh k|1 E| Ohppd 4/ wkh uhvlvwdqfh ri wkh ghohwhg hgjh lv
juhdwhu wkdq rqh/ dqg wkh uhvlvwdqfh ri wkh dgghg hgjh lv rqh1 Wkhuhiruh/




1 Pruhryhu/ e| Ohppd 7/ wkh prqrprusklf vwdwh k{W








Zh zloo qrz frqvlghu wkh wuhh @

{W3￿
dqg vkrz wkdw wkhuh lv rqo|
rqh gluhfwhg hgjh iurp wkh prqrprusklf vwdwhv zklfk frqvlvwv ri d uhs0
hwlwlrq ri d vwudwhj| suroh lq d plqlpdo fxvehu vhw wr d vwdwh zklfk
frqvlvwv ri d uhshwlwlrq ri d vwudwhj| suroh rxwvlgh wkh fxvehu vhw1
Vxssrvh wkhuh lv d qlwh qxpehu ri vxfk gluhfwhg hgjhv k|m $ k}m/
m ' >2>===>o/z k h u h|￿>===>|o duh vwudwhj| surohv lq wkh plqlpdo fxv0
ehu vhw dqg }￿>===>}o vwudwhj| surohv rxwvlgh wkh fxvehu vhw1 Lw lv fohdu
wkdw wkhuh fdqqrw eh dq lqqlwh qxpehu ri rxwjrlqj hgjhv vlqfh wkh jdph
K lv qlwh1 Uhfdoo wkdw d wuhh urrwhg dw yhuwh{ k|m lv d vhw ri m[m
gluhfwhg hgjhv vxfk wkdw/ iurp hyhu| yhuwh{ glhuhqw iurp k|m/w k h u hl vd
xqltxh gluhfwhg sdwk lq wkh wuhh wr k|m1 Wkh uhvlvwdqfh ri dq| gluhfwhg
hgjh k|m $ k}m/ m ' >2>===>o lv dw ohdvw wzr1 E| Ohppd 6/ wkhuh h{lvwv d
qlwh ehwwhu0uhso| sdwk iurp yhuwh{ |￿ wr yhuwh{ |2 lq wkh plqlpdo fxvehu
vhw1 Ohw |￿>i￿>===>in>| 2 eh vxfk d sdwk1
Frqvlghu wkh yhuwh{ ki￿1 Wkhuh duh wzr pxwxdoo| h{foxvlyh fdvhv=
41d, wkhuh h{lvwv d gluhfwhg sdwk iurp ki￿ wr rqh ri wkh yhuwlfhv k|2>===>k |o




41e, wkhuh h{lvwv d gluhfwhg sdwk iurp ki￿ wr k|￿1
Lq fdvh 41d, e| ghohwlqj wkh gluhfwhg hgjh k|￿ $ k}￿ dqg dgglqj wkh
gluhfwhg hgjh k|￿ $ ki￿ wr wkh wuhh @

{W3￿
/ zh rewdlq d qhz wuhh
@￿ 
{W3￿
zlwk orzhu vwrfkdvwlf srwhqwldo wkdq @

{W3￿
/e h f d x v hw k h
uhvlvwdqfh ri wkh gluhfwhg hgjh |￿ $ i￿ lv rqh1 Wklv phdqv wkdw zh duh





57Lq fdvh 41e,/ zh zloo xvh wkh iroorzlqj surfhgxuh iru yhuwh{ ki￿=g h o h w h
wkh lqlwldo gluhfwhg hgjh iurp ki￿ dqg dgg wkh gluhfwhg hgjh ki￿ $ ki21
Dv deryh/ wkhuh duh wzr fdvhv=
51d, wkhuh h{lvwv d gluhfwhg sdwk iurp ki2 wr rqh ri wkh yhuwlfhv k|2>===>k |o




51e, wkhuh h{lvwv d gluhfwhg sdwk iurp ki2 wr k|￿1
Lq fdvh 51d,/ zh rewdlq d qhz wuhh @2 
{W3￿
zlwk orzhu vwrfkdv0
wlf srwhqwldo wkdq @

{W3￿
/ ehfdxvh wkh uhvlvwdqfh ri wkh gluhfwhg hgjh




ehlqj d plqlpdo uhvlvwdqfh wuhh1
Lq fdvh 51e,/ zh uhshdw wkh surfhgxuh iru yhuwlfhv ki2>k i￿>=== Wkh
ehwwhu0uhso| sdwk |￿>i￿>===>in>|2 iurp |￿ wr |2 lv qlwh1 Khqfh/ diwhu
n nvwhsv dw prvw/ zh kdyh frqvwuxfwhg d wuhh @￿￿ 
{W3￿
urrwhg dw wkh




Surri ri Wkhruhp 7= Vxssrvh Y  [ lv d plqlpdo fxvehu vhw
zklfk vwulfwo| Sduhwr grplqdwhv doo sxuh0vwudwhj| surohv rxwvlgh Y 1Z h
zloo suryh Wkhruhp 7 xvlqj wzr ohppdwd1
Ohppd 9 Wkh wudqvlwlrq iurp dq| prqrprusklf vwdwh k} wr d prqrpru0
sklf vwdwh k{ vxfk wkdw { 5 Y uhtxluhv dw prvw q plvwdnhv/ lqghshqghqwo|
r iw k hv d p s o hv l } h 1
Surri= Dvvxph wkdw wkh surfhvv lv lq vwdwh k} dqg wkdw wkh lqgl0
ylgxdov lq doo sod|hu urohv vlpxowdqhrxvo| plvwdnhv/ vr wkdw { lv sod|hg
lqvwhdg ri }1 Vlqfh/ e| dvvxpswlrq/ lE{ A lE} iru doo sod|hu urohv l/
li wkh lqglylgxdov lq doo sod|hu urohv vdpsoh wkh prvw uhfhqw sod|v iru wkh
qh{w p   shulrgv/ wklv zloo wdnh wkh surfhvv wr wkh vwdwh k{= 
58Ohppd : Wkhuh h{lvw dq vW  / vxfk wkdw iru vdpsoh vl}h vAv W/w k h
wudqvlwlrq iurp d prqrprusklf vwdwh k{ vxfk wkdw { 5 Y wr d prqrpru0
sklf vwdwh k} vxfk wkdw }@ 5 Y uhtxluhv uhtxluhv dw ohdvw q nplvwdnhv1
Surri= Wkh wudqvlwlrq iurp k{ wr d prqrprusklf vwdwh k} vxfk wkdw
}@ 5 Y fdq eh pdgh li lqglylgxdov lq rqh ri wkh sod|hu urohv/ vd| l/p d n h
+dw ohdvw, v frqvhfxwlyh plvwdnhv dqg sod| d vwudwhj| }l @ 5 Yl hyhu| wlph1
Li wkh lqglylgxdov lq sod|hu uroh l/ wkhuhdiwhu vdpsoh iurp wkh prvw uhfhqw
sod|v iru p  v shulrgv/ wkh Pdunry fkdlq zloo hqg xs lq wkh vwdwh k}
zkhuh } 'E }l>{ 3l= Khqfh/ li vAq / wklv nlqg ri wudqvlwlrq zloo uhtxluh
pruh wkdq q plvwdnhv1
Dowhuqdwlyho|/ wkh wudqvlwlrq iurp k{ wr d prqrprusklf vwdwh k} vxfk
wkdw }@ 5 Y fdq eh pdgh li d vlqjoh lqglylgxdo lq rqh ri wkh sod|hu urohv/
vd| l/ pdnhv d plvwdnh dqg sod| }l dqg lqglylgxdov lq rwkhu sod|hu urohv
wkhuhdiwhu +ru ehiruh wklv, pdnh vx!flhqwo| pdq| plvwdnhv wr pdnh wkh
dyhudjh sd|r ri {l orzhu wkdq wkdw ri }l lq d vdpsoh ri wkh prvw uhfhqw
sod|v1 Wkh qxpehu ri plvwdnhv uhtxluhg iru wklv nlqg ri wudqvlwlrq zloo
eh dv orz dv srvvleoh li lE{ lv dv orz dv srvvleoh/ lE} lv dv kljk dv
srvvleoh/ dqg wkh plqlpxp h{shfwhg sd|r lv dfklhyhg zkhq l sod|v }l/
dq lqglylgxdo lq d glhuhqw sod|hu uroh m sod|v tm @ 5 Ym> dqg doo rwkhu
lqglylgxdov gudzq wr sod| {3l1
Ohw Y  eh wkh plqlpxp sd|r wr dq| sod|hu uroh iru dq| sxuh0vwudwhj|
suroh lq Y /o h w eh wkh plqlpxp sd|r wr dq| sod|hu uroh iru dq|
sxuh0vwudwhj| suroh rxwvlgh Y /d q go h w7  eh wkh pd{lpxp sd|r wr
dq| sod|hu uroh iru dq| sxuh0vwudwhj| suroh rxwvlgh Y 1 E| dvvxpswlrq/
Y A7   1 E| wkh deryh orjlf/ wkh wudqvlwlrq iurp k{ wr k} zloo uhtxluh
59dw ohdvw q nplvwdnhv li
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Qrwh wkdw wkh uljkw0kdqg vlgh lq wkh odvw h{suhvvlrq lv juhdwhu wkdq ru
htxdo wr q1K h q f h / l i vAv W '
qEY ￿3￿￿n￿37 ￿
Y ￿37 ￿ / wkhq wkh wudqvlwlrq iurp d
prqrprusklf vwdwh k{> vxfk wkdw { 5 Y> wr d prqrprusklf vwdwh k}/
vxfk wkdw }@ 5 Y /u h t x l u h vp r u hw k d qq plvwdnhv1 
Ohw k| eh dq duelwudu| prqrprusklf vwdwh vxfk wkdw |@ 5 Y dqg frq0
vlghu d plqlpdo uhvlvwdqfh wuhh @E| urrwhg dw k|1O h wk{ eh d prqrpru0
sklf vwdwh vxfk wkdw { 5 Y d q gv x f kw k d ww k h u hl vdg l u h f w h gh g j hi u r p
k{ wr d vwdwh k}/z l w k}@ 5 Y> lq wkh wuhh @E|1F u h d w hdq h zw u h h@E{
urrwhg dw k{ e| dgglqj d gluhfwhg hgjh iurp k| wr k{ dqg ghohwlqj wkh
gluhfwhg hgjh iurp k{ wr k} lq wkh wuhh @E|1 E| Ohppd :/ wkh ghohwhg
hgjh kdv d uhvlvwdqfh juhdwhu wkdq q surylghg wkdw vAv W/ dqg e| Ohppd
9/ wkh dgghg hgjh kdv d uhvlvwdqfh ri dw prvw q1K h q f h /i r uvAv W wkh
wrwdo uhvlvwdqfh ri wkh qhz wuhh @E{ lv ohvv wkdq wkdw ri @E|1W k h r u h p
7 qrz iroorzv e| Ohppd 7/ dffruglqj wr zklfk wkdw doo prqrprusklf
vwdwhv ri dq 0vhw kdyh htxdo vwrfkdvwlf srwhqwldo1 
Surri ri Sursrvlwlrq 6= Dv lq wkh surri ri Fruroodu| 6/ zlwkrxw
orvv ri jhqhudolw|/ dvvxph wkdw iED>dj dqg iEE>ej duh wkh plqlpdo
fxvehu vhwv ri wkh jdph1 E| Wkhruhp 6/ lw iroorzv wkdw prqrprusklf
vwdwhv kED>d￿ dqg kEE>e￿ duh wkh rqo| wzr fdqglgdwhv iru wkh vwrfkdvwlfdoo|
vwdeoh vwdwhv1 Vxssrvh wkdw rqo| rqh ri wkhvh prqrprusklf vwdwhv lv
vwrfkdvwlfdoo| vwdeoh/ vd| kED>d￿1O h w @ED>d eh d plqlpxp uhvlvwdqfh
wuhh zlwk uhvlvwdqfh ED>d urrwhg dw kED>d￿1 Lq wklv wuhh/ wkhuh lv dq
rxwjrlqj hgjh iurp wkh prqrprusklf vwdwh kEE>e￿=
5:Iluvw/ qrwh wkdw wkh uhvlvwdqfh ri wklv hgjh lv dw ohdvw wzr/ vxfk wkdw
dw ohdvw wzr plvwdnhv duh qhhghg wr pryh iurp wkh prqrprusklf vwdwh
kEE>e￿1 Wklv iroorzv vlqfh ￿EE>e A ￿ED>e dqg 2EE>e A 2EE>d1
Vhfrqg/ qrwh wkdw wzr plvwdnhv duh vx!flhqw wr pryh wkh surfhvv iurp
wkh prqrprusklf vwdwh kED>d￿ wr wkh prqrprusklf vwdwh kEE>e￿1 Vxssrvh
wkh surfhvv lv lq vwdwh kED>d￿1 Vlqfh qhlwkhu ri wkh Qdvk htxloleuld lv
vwulfwo| Sduhwr vxshulru/ hlwkhu ￿EE>e  ￿ED>d dqg2ru 2EE>e 
2ED>d1 Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw wkh uvw ri wkhvh lq0
htxdolwlhv krogv1 Wkhq/ wkhuh lv d srvlwlyh suredelolw| wkdw wkh lqglylgxdov
lq erwk sod|hu urohv vlpxowdqhrxvo| pdnh plvwdnhv dw wlph w1W k h u h l v








dqg wkdw wkh lqglylgxdov lq sod|hu uroh 5 vdpsoh iurp sod|v hduolhu wkdq
{w
2 iurp shulrg w nwr/ dqg lqfoxglqj/ shulrg w n v  1 Zlwk srvlwlyh
suredelolw| lqglylgxdov lq sod|hu uroh 4 sod| E dqg lqglylgxdov lq sod|hu
uroh 5 sod| d lq doo ri wkhvh shulrgv1 Wklv lpsolhv wkdw li wkh lqglylgxdov
lq erwk sod|hu urohv vdpsoh iurp sod|v pruh uhfhqw wkdq {
w3￿
l iurp sh0
ulrg w n v wr/ dqg lqfoxglqj/ shulrg w n v  np/ 4*v vdpsoh zloo rqo|
frqwdlq vwudwhj| E dqg 5*v vdpsoh zloo dozd|v frqwdlq vwudwhj| e> dqg
srvvleo|/ vwudwhj| d1 Ixuwkhupruh/ wkh dyhudjh sd|r ri vwudwhj| e zloo
eh 2EE>e dv frpsduhg wr dq dyhudjh sd|r ri 2EE>d iru vwudwhj| d>
zkhq wkh odwwhu vwudwhj| lv lqfoxghg lq wkh vdpsoh1 Khqfh/ zlwk srvlwlyh
suredelolw| wkh surfhvv zloo eh lq vwdwh kEE>e￿ dw wlph w n v  np1
Ilqdoo|/ fuhdwh d qhz wuhh urrwhg dw kEE>e￿ e| ghohwlqj wkh rxwjrlqj
hgjh iurp wkh prqrprusklf vwdwh kEE>e￿ lq wkh wuhh @ED>d dqg dgglqj
dq hgjh iurp kED>d￿ wr kEE>e￿1 Wkh uhvlvwdqfh ri wkh ghohwhg hgjh lv dw
ohdvw wzr dqg wkdw ri wkh dgghg hgjh wzr1 Khqfh/ wkh wrwdo uhvlvwdqfh
ri wkh qhz wuhh lv dw prvw ED>d/ wkhuhe| frqwudglfwlqj wkh dvvxpswlrq
5;wkdw rqo| kED>d￿ lv vwrfkdvwlfdoo| vwdeoh1 
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